The γ * -relation de ned on a general hyperring R is the smallest strongly regular relation such that the quotient R γ * is a ring. In this note we consider a particular class of hyperrings, where we de ne a new equivalence, called ε * m , smaller than γ * and we prove it is the smallest strongly regular relation on such hyperrings such that the quotient R ε * m is a ring. Moreover, we introduce the concept of m-idempotent hyperrings, show that they are a characterization for Krasner hyper elds, and that ε * m is a new exhibition for γ * on the above mentioned subclass of m-idempotent hyperrings.
Introduction
The fundamental relations de ned on hyperstructures can be divided into two classes. One contains those three equivalences (the operational equivalence, the inseparability and essential indistinguishability) dened by J. Jantosciak in order to obtain the so called reduced hypergroups [1, 2] . The second one includes the strongly regular relations, the key element to obtain an equivalent structure from a given hyperstructure. More exactly, if ρ is a strongly regular relation de ned on a (semi)hypergroup H, then the quotient H ρ (endowed with a suitable hyperproduct) becomes a (semi)group. If ρ is the smallest equivalence with such a property, then it is called fundamental [3] . Usually, in order to obtain this kind of equivalence, a re exive and symmetric relation ρ is de ned on the hyperstructure and we denote by ρ * the transitive closure of ρ.
The rst fundamental relation de ned on hypergroups is the β * -relation, introduced by Koskas [4] in 1970, in connection with the heart of a hypergroup and studied mainly by Corsini, Davvaz, Freni, Leoreanu, Vougiouklis. Later on, Freni [5] introduced the γ-relation on a hypergroup, as a generalization of the relation β, proving that γ
In this paper we focus on the γ * -relation and address the following question: how to de ne, on a special class of hyperrings, a strongly regular relation smaller than γ * , such that the related quotient is a general ring? (obviously, except the relations β Let γ * be the transitive closure of γ, that is xγ * y if and only if ∃z , . . . , z n+ ∈ R with z = a, z n+ = b, and u , . . . , u n ∈ U such that {z i , z i+ } ⊆ u i for i ∈ { , . . . , n}, where U is the set of all nite sums of products of elements of R. It was shown that γ * is the smallest strongly regular relation on hyperrings such
Thus, ⊕ and ⊙ can be seen as γ
is called the fundamental ring obtained by the γ * -relation. Now, consider the following binary relations on (R, +, ⋅):
Denote the transitive closure of the relations β ⋅ and β + by β * ⋅ and β * + , respectively. According to [8] , β * ⋅ and β * + are the fundamental relations on (R, +, ⋅) with respect to multiplication and addition, respectively, and for all a ∈ R, we have β *
ε *
m -relation on hyperrings
In this section, we introduce on a general hyperring a new relation, denoted by relation ε * m , as a strongly regular relation smaller than the relation γ * (introduced in [3] ). The above mentioned general hyperring will be in the sequel called just hyperring. Select a constant m, ≤ m ∈ N, and let (R, +, ⋅) be a semihyperring. For all a, b ∈ R, de ne the relation ε m on R as follows:
where z In the following example we can see that ε m ≠ γ, in general. Now, let (R, +, ⋅) be a hyperring such that (R, ⋅) is commutative. Besides, assume that in R the following implication holds:
for all B, A , . . . , A n ⊆ R. Several examples of such hyperrings will be presented later on. Consequently, ε m is not generally a transitive relation on a general hyperring only satisfying the relation (2). Proof. Let a
Choose some elements z , . . . , z s+t such that z i ∈ x i + y , for i ∈ { , . . . , s}, and z s+j ∈ x s+ + y j+ , for j ∈ { , . . . , t}. Then, we have
Hence, for all z ∈ a + b and
m is a strongly regular relation on (R, +). Similarly, one proves that ε * m is strongly regular also on (R, ⋅).
Theorem 3.4. Under the same hypothesis, the quotient R
Proof. As in the general case when we are talking about the quotient hyperstructure, consider on R ε * m the following hyperoperations: Proof. In the quotient ring (R ρ, ⊕, ⊙), for all a, b ∈ R, A ⊆ ρ(a) and B ⊆ ρ(b), we have
By induction, we can extend the above equalities to nite sums and products. Now, let y ∈ z m , then y ∈ (ρ(z)) m and so
It implies that y ∈ ρ(y) = ρ(t), for t ∈ z m ⊆ R. This completes the proof. Proof. Let ρ be an equivalence relation on R such that R ρ is a ring with the following operations: 
This implies that xρy. Thus ε m ⊆ ρ and so ε * m ⊆ ρ. Therefore, ε * m is the smallest equivalence relation on a hyperring R satisfying condition (2), such that the quotient R ε * m is a ring. It is important to notice that, if we do not consider the supposition (2) in the hyperring (R, +, ⋅), then ε * m , generally, is not a strongly regular relation on (R, ⋅). This can be seen in the process of proving the strongly regularity of ε * m on (R, ⋅), similarly to the proof of Theorem 3.3. Namely, without condition (2), unlike the proof of Theorem 3.3, if we have
and choose some elements z , . . . , z s+t such that z i ∈ x i ⋅ y , for i ∈ { , . . . , s} and z s+j ∈ x s+ ⋅ y j+ for j ∈ { , . . . , t}, then generally, we can not conclude that z ε m z . . . ε m z s+t . Hence, we can not prove that ε * m is strongly regular relation on (R, ⋅). But, it is easy to see that the hyperoperation ⊙ on R ε * m , de ned as
}, is well-de ned. Hence, ε * m is just a regular relation on (R, ⋅), meaning that (R ε * m , ⊙) is a semihypergroup (see [8] ). Therefore, without condition (2), we have the following result. 
and similarly ϕ * [8] , similarly to what it happens for the relation γ * , we can obtain the following results regarding ω * m . We brie y recall that a hypergroup (H, ○) is called regular, if it has at least one identity (i.e. there exists e ∈ H ∶ a ∈ a ○ e ∩ e ○ a, for all a ∈ H) and each element has at least one inverse (for every a ∈ H, there exists an identity e ∈ H and a ′ ∈ H such that e ∈ a ○ a ′ ∩ a ′ ○ a).
Theorem 3.9. Let (R, +, ⋅) be a hyperring satisfying relation (2) . Then the following properties hold.
Hence, a ∈ ω * m and so R ⋅ ω * m ⊆ ω * m . Similarly, one proves the other inclusion.
On the other hand, since (R, +) is regular, there exists an identity element e of (R, +) such that ε * m (e)⊕ε *
and so e ∈ ω * m . Now, consider x ∈ ω * m . By the regularity of (R, +), there exists x ′ ∈ R such that e ∈ x + x ′ . Thus,
By using (i), the proof is complete.
In the following, we introduce and study some properties of a particular hyperring, called m-idempotent hyperring, where the relations γ * and ε * m are identical. 
Proof. By the de nition of a hyperring, (R, ⋅) is a semihypergroup and it is clear that t ⋅ R ⊆ R ⊇ R ⋅ t, for all t ∈ R. Since R is m-idempotent, for every x ∈ R there exists ≤ m ∈ N such that x ∈ x m . Hence, we have
Thus R ⊆ t ⋅ R (and similarly R ⊆ R ⋅ t). The above reproducibility axiom completes the proof.
We recall that a Krasner hyperring (R, +, ⋅) is called a Krasner hyper eld, if (R ∖ { }, ⋅) is a group. Besides R is said to be a hyperdomain, if R is a commutative hyperring with a unit element and a ⋅ b = implies that a = or b = , for all a, b ∈ R. In the following corollary we show that m-idempotent property can be viewed as a su cient condition such that a Krasner hyperdomain is a Krasner hyper eld. Proof. By Theorem 3.11, we know that (R ∖ { }, ⋅) is a semigroup such that x ⋅ R = R, for all x ∈ R ∖ { }. Hence, for x ∈ R ∖ { }, there exists y ∈ R ∖ { } such that x = x ⋅ y. Now take z ∈ R ∖ { } such that y = y ⋅ z. Then
Thus, ∈ x⋅(y−z) and so we have x⋅t = , for some t ∈ y−z. Since R is a hyperdomain and x ≠ , it follows that t = . This implies that y = z, since (R, +) is a canonical hypergroup. Hence, there exists a unique element, such as ∈ R ∖ { }, such that x = x ⋅ , for all x ∈ R ∖ { }. Similarly, we can show that, for all x ∈ R ∖ { }, there exists a unique element y ∈ R ∖ { } such that x ⋅ y = . Therefore, (R ∖ { }, ⋅) is a group and so (R, +, ⋅) is a Krasner hyper eld.
We present here several examples, illustrating the given de nitions and results.
Example 3.13. The set R = { , } with the following hyperoperations is a hyperring [8] .
It is easy to see that R is m-idempotent, for all m, ≤ m ∈ N.
Example 3.14. De ne on R = { , a, b} two hyperoperations as follows [13] :
It is easy to verify that (R, +, ⋅) is an m-idempotent hyperring, for all m, ≤ m ∈ N. ⊕¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ * ¯ ¯ ¯ ¯ ¯ {¯ } {¯ } {¯ } {¯ } {¯ } Z {¯ ,¯ } Z ¯ {¯ } {¯ ,¯ } {¯ } {¯ ,¯ } {¯ } Z {¯ ,¯ } Z is not m-idempotent, since, for all m, ≤ m ∈ N, we have¯ ∈ {¯ } =¯ m .
